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Abstract

Asset allocation decisions are critical for investors with diversified portfolios. Institutional
investors must manage their strategic asset mix over time to achieve favorable returns subject
to various uncertainties, policy and legal constraints, and other requirements. In order to
determine the asset mix explicitly, we can use a multi-period portfolio optimization model.

The notion of scenarios is typically employed for modeling random parameters in the
multi-period stochastic programming(MSP) model, and the path of uncertainties is revealed
as a scenario tree. On the other hand, a simulated path model is proposed and formulated
as a linear programming model by Hibiki[4, 5]. The path of uncertainties is revealed as
simulated paths associated with any stochastic process, and we can get a better accuracy of
uncertainties by using simulated paths rather than a scenario tree. Two kinds of stochas-
tic optimization models involve trading off the appropriate decisions and the accuracy of
uncertainties.

In this paper, we propose a hybrid optimization model by using simulated paths and
decision tree in order to do both describing the accuracy of uncertainties and making the
conditional decisions. We have sample paths associated with asset returns using Monte Carlo
simulation as used in the simulated path model, while we allow the model to expand the
decision space and to make the conditional decisions as used in the scenario tree model. We
test some cases using numerical examples We find that we can control the risk and return of
the terminal wealth in some degree directly by using this model

The hybrid model can be formulated as its compact representation form to reduce the pro-
gram size. We find that we can decrease its computation time, according to some numerical
tests.

*The hybrid optimization model is originally proposed by Hibiki[6, 7](written in Japanese). This paper is the
revised version in English, and includes a modification of Hibiki[7] and an additional idea discussed in Section 5.



1 Introduction

Investors need to maximize the expected utility of returns from their investment portfolios, or
to minimize the risk exposure of returns subject to the required expected returns. They must
decide optimal portfolios in securities in order to meet their satisfaction. This paper discusses
optimal dynamic investment policies for investors, who make the investment decisions in each
of asset categories over time. This problem is called dynamic asset allocation.

Asset allocation decisions are critical for investors with diversified portfolios. Institutional
investors must manage their strategic asset mix over time to achieve favorable returns subject to
various uncertainties, policy and legal constraints, and other requirements. In order to determine
the asset mix explicitly, we can use a multi-period portfolio optimization model.

Critical issues for stochastic modeling involve the handling of uncertainties and investment
decisions. The decisions have to be made independent upon knowing actual paths that will occur.
Thus we must define decision variables and a set of constraints to prevent the optimization model
from anticipating the future. In addition, we need sufficient paths of uncertainties to get a better
accuracy with respect to the future possible events. We describe the characteristics of two models
in order.

The notion of scenarios is typically employed for modeling random parameters in the multi-
period stochastic programming(MSP) model, and the path of uncertainties is revealed as a
scenario tree. This model is based on the expansion of the decision space, taking into account
the conditional nature of the scenario tree. Conditional decisions are made at each node. To
assume that a representative set of scenarios is constructed which covers the set of possibilities
to a sufficient degree, the numbers of decision variables and constraints appearing in the scenario
tree may grow exponentially. (See Mulvey and Ziemba [9, 10] in detail.)

On the other hand, dynamic stochastic control offers an alternative to stochastic programming
for setting dynamic investment strategies. The basic framework of this model is originally pro-
posed by Merton[8] and Samuelson[11]. In general, stochastic control forms a mesh over the state
space, instead of discretizing the scenarios. However, we can also assume the discretizations, or
discrete time and discrete scenarios, and then the path of uncertainties is revealed as simulated
paths associated with any stochastic process. We take advantage of simulated paths instead of
a scenario tree to describe a better accuracy of uncertainties in the multiple assets problem. In
this framework, we couple that with a specific form of investment decisions at each period. The
fixed-mix strategy fits this framework, and investment decisions at each period could be limited
to a fixed-proportion rule, for example, and hence, this method reduces the decision space to a
set of policies. This approach can be formulated as a stochastic programming model. But this
formulation includes non-convex (non-linear) constraints, and therefore it is difficult to solve the
problem and to find the global optimal solutions.

An alternative model using simulated paths is proposed and formulated as a linear program-

ming model by Hibiki[4, 5]. We name this model “simulated path model” in this paper. The



linear programming model is formulated by using a fixed-unit rule instead of a fixed-proportion
rule. This formulation can be simply implemented and solved very fast by using sophisticated
mathematical programming softwares.

Two stochastic programming models such as the scenario tree model and the simulated path

model can be used to solve the multi-period optimization problems in practice.

Table 1: Comparison between two models

scenario tree model simulated path model |
accuracy of uncertainties scenario tree simulated paths |
investment decisions every nodes of all periods all periods |

Two kinds of stochastic optimization models can be used to solve large-scale problems. How-
ever, they involve trading off the appropriate decisions and the accuracy of uncertainties. We
can use the scenario tree model in the case that we wish to have an appropriate (conditional) de-
cision, while we can use the simulated path model in the case that we wish to have the accuracy
of uncertainties. The model selection depends on what we regard as most important.

In this paper, we propose a hybrid optimization model by using simulated paths and the deci-
sion tree in order to do both describing the accuracy of uncertainties and making the conditional
decisions. We have sample paths associated with asset returns using Monte Carlo simulation as
used in the simulated path model, while we allow the model to expand the decision space and
to make the conditional decisions as used in the scenario tree model.

The paper is organized as follows. The hybrid model can be formulated as the modification
from the simulated path model, and then Section 2 introduces the simulated path model. Section
3 presents the concept and formulation of the hybrid model. Section 4 shows numerical examples.
Section 5 translates the formulation of the proposed model into its compact representation forms.

Section 6 provides some concluding remarks and our future research.



2 Simulated path model
2.1 Preparation

An asset return is a random parameter, and its process is expressed by a stochastic differential
equation, or a time series model. We can sample simulated paths of each asset return on each

simulation trial. An example of simulated paths is shown as in Figure 1.
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Figure 1: Simulated path

Hibiki[4, 5] develop the simulated path model by using Monte Carlo simulation to describe
the accuracy of uncertainties in a multi-period optimization framework, where discrete values
of asset return are generated by Monte Carlo simulation.

Investment units are used for expressing the MSP model. The solution to the asset allocation
decision of this model provides the recommended units, however they are defined as the linear

function

B9 (250) = aff) 251+ 87, (1)
where z;j; is the base decision (unit) in the fixed-unit rule ! , and it is used as the decision
variable in the model. The base investment units of risky assets must be fixed on all paths at
each time to keep the non-anticipativity condition 2 , however they can be various over time.
aEi) and bg-? are parameters associated with investment units, and are set according to the
corresponding investment strategy 2 . If we want to increase investment units when price goes

up, and to decrease when price goes down, we may set this parameter, such as

ol =1+ ), and b)) =0
(i)

where uj; is the rate of return of asset j of path ¢ in period ¢. On the other hand, if we want to

The term “fixed-” does not mean “buy and hold strategy”, and “constant rebalance strategy”.

2Cash does not need to be fixed in each path. Even if cash is different in each path, we can keep the non-
anticipativity condition because cash return is risk-free in the beginning of the period.

*Investment units are directly used as decision variables in the original simulated path model[4, 5]; that is,
h(zjt) = zjt, where zj; is the investment unit of asset j at time ¢.



decrease investment units when price goes up, and to increase when price goes down, we may

set this parameter, such as

(i) 1 @)
a;y = ———=, and b = O
Ty iy "

2.2 Model formulation

We invest n risky assets and cash. The investment is made at time O(present), and time 7' is
the planning horizon.

We determine the asset mix by using two kinds of measure; the expected terminal wealth and
the first-order lower partial moment(LP M) of terminal wealth[1, 3]. The former corresponds
to the return measure, and the latter corresponds to the risk measure. The lower partial mo-
ment is one of the downside-risk measures, and involve the tail of the relevant distribution of
wealth below target wealth. Only the left-hand tail of the distribution of wealth is used in the
calculation.

Computationally, the LPM for an empirical(discrete) distribution of terminal wealth, Wq(j),
with a target wealth, W, is described by: 4

1< k
LPMy =33 ‘Wj(f) - WG‘_ (2)
i=1
where [ is the number of samples, and |a|- = max(—a,0). The risk measure becomes the

first-order LPM for k=12 .
We can formulate as a linear programming problem by using the first-order LPM, and we can

easily a large-scale problem in practical use. We list notations in this model.

(1) Parameters

I : number of simulated paths

pjo : price of risky asset j at time 0, (j = 1,...,n)

pﬁ) : price of risky asset j of path i at time ¢,(j =1,...,n; t=1,...,T; i=1,...,1)

ro : interest rate in period 1 (the rate at time 0 is used).

r,@l : interest rate of path ¢ in period ¢ (the rate at timet—1isused), (t=1,...,T;i=1,...,I)
Wy : initial wealth

Wq: target wealth at the planning horizon

WE: required expected wealth at the planning horizon

(2) Decision variables

4The LPM for a continuous distribution of terminal wealth Wr is described as follows:

Wa B B B
LPM; = / (We — WT)kf(WT)dWT

5The global optimal solution can be guaranteed because of the convex programming problem even if the k-th
order moments(LP M) are used.



+ : base investment units of risky asset j at time ¢, (j =1,...,n; t=0,...,7 — 1)
vo : cash at time 0
vt(i) : cash of path i at time t,(t=0,..., 7 —1; i=1,...,1)
¢ : shortfall below the target wealth of path i at the planning horizon, (i=1,...,1)
We denote investment units by
WO (zje) = a2 +080, (=1, t=1,..., T~ 1 i=1,...,1) (3)

as described early.
We formulate the MSP model as follows:

1
o e e - ('L)
Minimize 7 Z q (4)
subject to
> pjozio+ vo =Wo (5)
=1
ijlzJ0+(1 +70) UO—ZP%)W) g)+of, (i=1,...,1) (6)
J=1 Jj=
ijt N(zja-1) + (1 i 1) ijt (z0) + i,
t=2,...T-1,i=1,....1) (7
1 &S 6 i i
72{2p§%h@(m—1) +(14+77) §~)_1} > Wk (8)
i=1 (=1
{Zp@h@ (zjr-1) + (1 i) ) gf)_l}+q(i>zwg, G=1,...,1) (9)

21>0, (j=1,...,n; t=0,...,7—1)

v9 >0

3 The hybrid model
3.1 Modelling for conditional decisions

We propose the model, which makes the conditional decisions under the framework using sim-
ulated paths. We make up several bundles of simulated paths at each time, and we have the
fixed-unit strategies for risky assets at each bundles. We call the bundles “fixed-decision nodes”,
and we generate the decision tree where conditional decisions are made at each nodes. we call

this tree the “extended decision tree” to distinguish from the scenario tree.



Suppose 20 simulated paths over three periods are represented as in Figure 2. For simplicity,
we assume to make up three bundles of 20 paths at time 1, and more two bundles of paths
within each bundles at time 2. In total, we have six bundles at time 2.

The bundling procedure is illustrated schematically in Figure 2. First, we generate 20 paths
associated with asset returns over the planning period. Next, 20 paths are classified into three
clusters by asset returns in period 1 under the appropriate criterion 6 . We have nine, six, and
five paths in each cluster, named node “A”, “B”, and “C”. The conditional fixed-decisions are
made at each node, respectively.

Finally, the same procedure is carried out in every nodes at time 1 in period 2. Specifically,
nine paths through node “A”are classified into two clusters by asset returns in period 2. We
have five and four paths in each cluster. Similarly, six paths through node “B”, and five paths
through node “C”are classified into two clusters, respectively. We have two and four paths in
each cluster from node “B”, and have three and two paths in each cluster from node “C”. We
have six kinds of conditional decisions at time 2.

Three black points at time 1, and six points at time 2 in Figure 2(3) represent the nodes
associated with the conditional decisions in the extended decision tree.

If paths are not classified into two or more clusters, the hybrid model reduces itself to the
simulated path model. If each asset has the same return on the paths through any node, the
hybrid model reduces itself to the scenario tree model. The hybrid model is therefore the

comprehensive model including the simulated path model and the scenario tree model.
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Figure 2: Extended decision tree

3.2 Sequential clustering method

We propose the technique of generating the extended decision tree, which we call the sequential

clustering method. This method is applied to the data set of simulated paths over the planning

5We may use any classifying method. In this study, we use sequential clustering method, which is also proposed
in this paper. Refer to next subsection.



period by using the well-known hierarchical clustering method 7 in each period sequentially.
Generated clusters represent the fixed-decision nodes. It can be implemented based on similari-
ties calculated by distances between sampled return vectors. Specifically, we show the procedure

as follows;
/

Step 1 Clustering method is implemented by the distances between sampled return
vectors in period 1. We have several fixed-decision nodes whose number is pre-
determined.

Step 2 Likewise, clustering method is implemented in each node in period 1, by the
distances between sampled return vectors in period 2 on the path through each
node in period 1. We have several nodes in period 2.

Step 3 This procedure is continued, working forward until the planning time horizon T’
is reached and hence sampled returns are not required to be clustered.

- /

3.3 Model formulation

(1) Set
St : set of fixed-decision nodes at time t (s € St)
Vi : set of paths including any fixed-decision node s at time ¢ (i € V;®)
(2) Parameter
We have the same parameters as in the simulated path model. Refer to the parameters in
Subsection 2.2(1).
(3) Decision variables
zjo : investment units for asset j and time 0 (j =1,...,n)
254+ base investment units for asset j, time ¢, and node s (j =1,...,m; t =1,...,T—1; s €

S;). We denote investment units by h(i)(zjt) = a;i)z;-t+b§.? as in the simulated path model.
()

2.2(2)).

, and ¢ are the same variables as in the simulated path model. (Refer to Subsection

"We use Ward method, which is one of the hierarchical clustering methods. Other method are nearest neighbor
method, furthest neighbor method, group average method, and so on. It is said that Ward method is superior to
other methods in practical use.



(4) Formulation

We formulate the hybrid model as follows:

Minimize 7 ZX; q

subject to

n
Z pjozo +vo = Wo
=1

Z P h(l)

Z,O zjo + (14 1ro)v

)+ (140 ) o, =

Z Pgt h(l)

ij K ZJT—)+( r(T)1>U(T)17

1 .
TXNWQZW%
=1

WS 4+ ¢ > W, (i=1,...,])
zjo>0, (j=1,...,n)

2 >0, (j=1,...,n;t=1,....,T
vg >0

v >0, (t=1,...T-1 i=1

¢? >0, (i=1,...,1)

W(Z) is the terminal wealth for time ¢ and path i (i = 1,...

)+ v(l) (se Sy; ieVy)

2 PR (=5) + 0,
j=1

t=2,....,T—1; s€ S i€V

(s'€ Sr_1; i € V§_y)

16
17

19

(16)
(17)
(18)
(19)
(20)

,I). We denote s’ in Equation (13)

the decision node at time ¢ — 1 connected with the node at time ¢. Both sides of Equations (12),

(13) show the wealth of path i at time ¢ . The problem size is very large, but it has very sparse

matrix. The relationship between the number of path and non-zero elements in the constraints

to the hybrid model is as in Figure 3.
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Figure 3: Relationship between the number of paths and non-zero elements(n = 3, T' = 4)

4 Numerical Examples

We test the hybrid model using numerical examples. Three periods model is solved. The number
of simulated paths is 1,000. The number of constraints except non-negative constraints, and the
number of decision variables are about four thousands, respectively. All of the problems are
solved using NUOPT (Ver. 4) 8 . Tt takes about 3.24 seconds to solve three branching problem
on Windows 98 personal computer which has 1500 MHz CPU and 512MB memory.

The number of assets is four; stock, bond, CB(convertible bond), and cash.

Table 2 shows the summary statistics(expected rate of return, standard deviation and correla-
tion matrix of rate of return) calculated by the available market data; Nikko stock performance
index (TSE 1), Nikko l(og))nd performance index, Nikko CB performance index, and call rate.

i

The rate of return 15/ is generated by these statistics as follows.

(D The rate of return of asset j in period t is normally distributed with mean fij; and standard
deviation oj;, and it is generated by:

ug-? = Rjs + ajteg-?,
where 55-22 is a random sample from a multi-variate standardized normal distribution.
@ The random variable £, (j =0,...,n; t=1,...,T) follows that
gjt ~ N (0,Y),
where X is (n+1)T x (n+ 1)T correlation matrix. .
i

Asset 0 is the interest rate, and ugt) is the change rate of interest rate. The call rate r; "~ is
calculated by:

rgi) = 19 X (1 —|—u(()i1)) ,

K = 0 x (14 ), (=2, T ).

8NUOPT is the mathematical programming software, and it is developed by Mathematical System, Inc.



Table 2: Summary statistics

cash stock bond CB

1 2 3 1 2 3 1 2 3 1 2 3
expected return —0.087(—0.081 |—0.089(| 0.848| 0.867| 0.843|[ 0.625| 0.623| 0.645| 0.786| 0.780( 0.786
standard deviation|| 0.780[ 0.784] 0.778|[ 5.571| 5.582[ 5.595]] 1.372| 1.372[ 1.353| 3.543[ 3.541] 3.538

correlation 1 2 3 1 2 3 1 2 3 1 2 3
1 1.000|—0.091 | 0.073]|—0.101| 0.000|—0.032||—0.238  0.008| 0.090 (| —0.146|—0.044|—0.052
cash 2 —0.091| 1.000|—0.092|| 0.045(—0.094|—0.007|[—0.183|—0.237| 0.011 || —0.012|—0.144|—0.047
3 0.073(—0.092| 1.000([ 0.016] 0.042(—0.091|[—0.166|—0.188(—0.221 | —0.062(—0.017| —0.138
1 —0.10I] 0.045] 0.016[[ 1.000] 0.022[—0.031][ 0.145[—0.173]—0.096] 0.761[ 0.042]—0.045
stock 2 0.000(—0.094| 0.042| 0.022] 1.000( 0.018] 0.085| 0.144(—0.170|) 0.019( 0.760| 0.0414
3 —0.032(—0.007|—0.091|[—0.031| 0.018 | 1.000|| 0.077| 0.085| 0.141) 0.011 0.019| 0.760
1 —0.238[—0.183[—0.166[| 0.145] 0.085| 0.077[[ 1.000] 0.130[—0.108] 0.327] 0.202] 0.065
bond 2 0.008[—0.237(—0.188(|—0.173| 0.144| 0.085( 0.130( 1.000| 0.137(—0.114]| 0.327| 0.204
3 0.090( 0.011]|-—0.221|[—0.096| —0.170| 0.141|[—0.108| 0.137| 1.000] —0.180(—0.109| 0.321
1 —0.146(—0.012|—0.062| 0.761| 0.019| 0.011|f 0.327|—0.114|—0.180| 1.000| 0.092(—0.068
CB 2 —0.044(—0.144|—-0.017|[ 0.042| 0.760( 0.019| 0.202| 0.327(—0.109) 0.092 1.000| 0.093
3 —0.052(—0.047 | —0.138| —0.045| 0.041| 0.760(| 0.065| 0.204| 0.321| —0.068| 0.093( 1.000

Initial prices of stock, bond, and CB can be assumed to be 1 without loss of generality. The
initial call rate is 0.44%. The initial wealth and the target wealth are 100 million yen. For
simplicity, we set the parameters associated with investment unit as ag? =1, and b;? = 0; that
is, h(zjt) = ]S-t. Any fixed-decision node is assumed to branch into two, three, four, or five nodes,
and the number of fixed-decision nodes are as follows:

branch  time 1  time 2
2 2 4
3 3 9
4 4 16
5 5 25

We test eight cases where the objective functions and their related constraints to the required
expected terminal wealth are various as in Table 3.

Table 3: Test case

unit: 10 thousand yen

case 1 Minimization of the risk

case 2 Minimization of the risk subject to W = 10,180
case 3 Minimization of the risk subject to Wg = 10,195
case 4 Minimization of the risk subject to Wg = 10,210
case 5 Minimization of the risk subject to Wg = 10,225
case 6 Minimization of the risk subject to Wg = 10,240
case 7  Minimization of the risk subject to Wg = 10,255
case 8 Maximization of the expected terminal wealth




While we use the formulation shown in Subsection 3.3 for case 2 to 7, we should use the
following formulations for case 1 and case 8, respectively 9 .

(case 1)

I
Minimize 1 Z q(i)
I'iH
subject to Equations (11) — (14),(16) — (21)
(case 8)

1)
Maximi —E W,
axlimnmize Ii:1 T

subject to Equations (11) — (14),(16) — (21)

9The values of expected wealth for case 1 and case 8 in each branching number are as follows:

unit: 10 thousand yen
branch casel case 8
2 10,154.1 10,274.7
3 10,161.1 10,280.4
4 10,166.1 10,293.6
5 10,174.3 10,301.5




4.1 Example 1 : Different requirements of terminal wealth

(1) Optimal solutions
We show the results for the cases that branching is three. Optimal investment units, v, vt(l)*
for cash, z3, for risky assets, can be obtained as in Table 4. Due to large number of intermediate

cash decisions(vgl)*), we show only the average cash value for each node, 7;*.

Table 4: Optimal investment units

case |

cash tock bond CB
0 ] 2 1] 1 2 0 1 2 0 ] 2
80759 7762.1 65425 117.1 0 0.0 1109 1415.1 3496 697.1 8564 0
6340 81 754 32667 3753
544 00 0 516.5)
| 79950 6759 4] | (1] 02 I 00 01 1993.0 3148
9032 10333 0.2 0.3
95073 5555 0 0.0)
I JRR2 R 93317 | 4619 676 I 16RO R 6333 | 00 0.0
6527 993 11 3406.9
ZR1R 3 00 1892 1 341.0
case 3
cash tock bond CB
1] 1 2 1] 1 2 0 1 2 1] 1 2
5656 9188.5 461.8] 6.2 0.7 198.1 31677 211.0 8915 1169.3 648.8 431
56717 3 4139 9 212.1
7574 02 ] 243071
[ 6277.0 62171 [ 359 201 MJ__I_SI | 3614.0 37189
6633 14067 6.9 S
9871 1853 1.4 0.3
I 30411 4685 | 638 01 I 5442 9 52911 | Q0.1 0.1
2087 8 0.4 6267
52;; ;I 20 439 7] 5.7
case S
cash tock bond CB
0 1 2 0 1 2 0 1 2 0 1 2
2261 8579.1 302 3124 1] 02 5463 14.6 9105 1962.9 1460.5 S81.51
3702 3492 60079 0.8
65109 00 01 3484 .3
[__ioi6s] 40673 | 05 07 l 00 09 [ 7863s] 5046
7996 3 21490 0.7 0.5
{715 12639 01 0.0)
I 1742 204 | 338 00 I 94305 97079 | 00 0.0)
759 28787 0 63194
7838 01 2182 0.5
case 7
cash tock bond CB
0] ] 2 0] 1 2 (1] 1 2 0] ] 2
0.0 44612 5252 4733 0.0] 0.1 57349 1692 91931 3791 3878.0 217.4]
223 9 4180 74205 1968.1
461.4 00 0.0 9354.0)
[ 240 3344 1010 203 I 00 02 [_sa370] 94804
4271 .4 56603 0.4 0.2
6849 3] 30979 02 0.1
I 2843 2972 I 94560 9547 | 0.0 0.0
K99 4 0.0 0.3
2156 9623 6.2

Average investment proportions can be calculated by the optimal(recommended) investment
units as follows:

P T
cash - Wo’ W—f*a t=12)
. Pz . Pils . L
risky asset : W (1 =1,2,3), Wf* ,(1=1,2,3; t=1,2; s€S5)
The average values of asset price, cash, and wealth are described by:
1 .
Average asset price in each node : 75; = = Z ,0;?

T

t iV



Average cash in each node : 7} =

Expected wealth in each node : Wf =

where V;® denotes the number of paths through the fixed-decision node s at time ¢.

We show these figures in Table 5. Moreover, due to lack of space, only four cases, case 1, case
3, case b, case 7 are shown for the optimal investment units(Table 4) and the average investment

proportions(Table 5).

Table 5: Average investment proportions

case |
cash stock bond CB
0 1 2 0 1 2 0 1 2 0 1 2
80.76% 77.23% 64.95% 1.17%)| 0.00% 0.00% 11.10% 14.17% 35.04% 6.97% 8.59% 0.00%
62.75% 077% 32.67% 381%
84.30% 0.00% 0.00% 15.70%
I 7921% 66.03% | 000% 000% I 000% 0.00% 20.79%) 33.97%
88.83% 11.16% 0.00% 0.00%
9427% S13% 0.00% 0.00%
I 8.74% 93.05% | 433% 0.60% I 1693% 6.34% 0.00% 0.00%
64 55% 1.00% 0.01% 34.44%
17.65% 0.00% 19.04% 331%
case3
cash tock bond CB
0 1 2 0 1 2 0 1 2 0 1 2
56.57% 91.38% 4.58% 0.06% 0.01% 1.90% 31.68% 211% 89.29% 11.69% 6.51%| 423%
56.09% 03R8% 41 37% 2.15%
74.79% 000% 001% 25.19%
I 62.02% 060.07% | 038% 023% I 0.00% 0.02% 37.60%) 39.69%
[4.76% 15.12% 0.06% 0.05%
98.07% 1.92% 0.01% 0.00%
I 3041% 46 85% | 6.00% 000% I 54.59% 53.15% 0.00%) 0.00%
| 7.08%] 29 85% 0.00% 63.07%
9551% 002% 4.42% 0.06%
case S
cash tock bond CB
(1] 1 2 0 1 2 0 1 2 (1] 1 2
22.61% 85.22% 3.00% 3.12% 0.00% 0.00% 54.64% 0.15% 91.28% 19.63% 14.63% S71%
3653% 355% 59.90% 0.01%
64.03% 0.00% 0.00% 3597%
I 18.79% 3823% | 001% 001% 0.00% 0.00% 81.20% 61.76%
7720% 22.79% 0.01% 0.01%
[6.88% 13.11% 0.00% 0.00%
I 1.75% 2.05% | 320% 0.00% 95.05% 97.94% 0.00% 0.00%
49% 28 81% 0.00% 63.70%
78.00% 000% 22 00%) 0.01%
case 7
cash stock bond CB
0 1 2 0 1 2 0 1 2 0 1 2
0.00% 4428% 524% 4.73% 0.00% 0.00% 57.35% 1691% 92.61% 37.92% 38.81% 2.15%
220% 424% 73 70% 19.87%
4.49% 0.00% 0.00% 95.51%
I 3.15% 3.08% | 10.59% 022% 000% 0.00% 86.26% 96.70%
4072% 5927% 0.00% 0.00%
67.99% 32.01% 0.00% 0.00%
I 2.88% 3.01% | 111% 0.00% 96.01% 96.99% 0.00% 0.00%
8904% 91 .06% 0.00% 0.00%
2.16% 0.00% 97 78% 0.06%




(2) Expected wealth and LPM; values
We show the expected wealth and LPM; values in Table 6, and the cumulative discrete
distribution of the terminal wealth in Figure 4.

Table 6: Expected wealth and LPM; values

initial wealth | intermediate wealth | terminal wealth | LPM;
0 1 2 3

case 1 10000.0 10049.5 10102.3 10161.1 0.00
case 2 10000.0 10052.2 10106.4 10180.0 1.99
case 3 10000.0 10055.3 10115.5 10195.0 5.44
case 4 10000.0 10059.2 10126.5 10210.0 10.89
case 10000.0 10064.4 10139.4 10225.0 18.23
case 6 10000.0 10069.7 10148.8 10240.0 28.26
case 7 10000.0 10072.6 10155.6 10255.0 43.38
case 8 10000.0 10082.4 10174.8 10280.4 127.25
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Figure 4: Cumulative discrete distribution of the terminal wealth

In case 1, because risk is minimized, investors should have more cash. As the required expected
terminal wealth increases, investors should decrease cash, and more money to risky assets.
However, stock which is most risky among three risky assets is not always invested in all fixed-
decision nodes. The reasons are:

(1) Investors can select investment decisions according to asset price changes because of the

conditional decisions.

(2) Due to the limitation of the model description, the degree of uncertainties decreases as

working forward from the initial decision node.

We can find the trade-off between risk and return in Table 6. We find that the larger the required
expected terminal wealth is, the larger the volatility is. We can control the risk and return of
the terminal wealth in some degree directly by using this model.



4.2 Example 2 : Different branching number of decision nodes

(1) Optimal solutions
We show the optimal results for four kinds of branching, such as 2,3,4 and 5 branching in the
case 5. We also show the result for no branching(1 branching), or the simulated path model.

Table 7: Optimal investment units

1 branching

cash stock bond CB
o [ 1 T =2 o T 1 T =2 o | 1 T =2 o [ 1 T =2
0.d 85.8] 1246] 18649 22737 15449  20093] 37603 37735 52258  3882.0] 45609
2 branching
cash stock bond CB
0 | 1 2 0 [ 1 2 0 [ 1 2 0 | 1 2
0.4 57637 539.1 353.8] 02 811 7501.6] 01 86582 21442 42614 02
56387 0.1 0.2 4410.1
[ 195.2 1820 | 3.1 0.1 [97113 97278 I 0.1 0.1
7438 0.3 1392.5 7926.6
3 branching
cash stock bond CB
0o | 1 2 0o | 1 2 0o | 1 2 0o | 1 2
22610 8579.1 302.6 3124 0.0 02| 5463 14.6]  9105.6] 19629 14605 5315
3702.6 3492 60075 08
I 65109 I 0.0 0.1 I 34845
1916.5] 40673 0.5 0.7 | 0.0 0.2 7863.5] _ 5946.9
7996.3 2149.0 0.7| 0.3
8715.8 1263 0.1 0.0
I 1742 204.6 | 3332 0.0 [ 94303 97073 I 0.0 0.0
7598 28787 0.0 63194
7838.0 0.1 21820 0.5
4 branching
cash stock bond CB
0| 1 2 0| 1 2 0 [ 1 2 0| 1 2
34689 74738 4023 3.5 521 46113 47304| 204 50880 17973 25435 1.0)
190.0 04 82629 1488.5
2761.9 0.1 72814 1.0)
430.7 1.0 0.9 93085
[ 91622 59745 | 0.2 0.7 | 105.¢] 35425 | 800.1 562.0
73477 04 0.9 2639.2
2398 603.( 92288 L1
3472 0.5 9653.3 2.5
[ 2059 353057 | 0.5 115 I 0.2 1.1 [ 58092 46875
82462 18578 35 26
25343 23268 50955 0.8
10030.7 0.6 0.5 0.3
[ 2541 159.0 | 325 0.1 [ 9389.0 978384 | 0.1 0.1
187.6 593.; 02345 0.6
7798 32109 0.2 5989.8
9360.8 0.5 7057 0.5
5 branching
cash stock bond CB
0| 1 2 0 [ 1 2 [ 2 0| 1 2
41490 77566 2335 1.3 4309 1777.54465.0] 119 80204 1384.7] 18487 1.0
3918 8158.2 0.6 1492.6
2053 0.8 87272 977.0
35084 0.2 6546.0 2.0
4717 1.6 15 9269.4
96035 101307 | 02 0.7 | 447 4.0 4204 30
3106.5 5.6 6250.9 6719
77089 0.6 1.2 22775
2502 380.. 94387 1.5
3490 0.8 96535 3.1
L_35041] 103765 | L5 1.9 | 0.3 2.1 44003 27
12183 5185.7 1.7 2725.6
34634 1618.3 5.1 37
1760.1 21954 6021.0 1.0
100862 22 0.9 05
| 6994 20932 | 274.1 0.1 90067  7883.1 | 0.2 02|
166.3 1045.7 3336.3 0.7
507.3 2269.3 0.2 7218.0
70417 2925.0 7.9 1.3
61493 23 38958 03
L__30486] 99691 | 0.7 0.4 68943 2.5 | 0.6 0.9
217.6 4.7 2.8 10060.7
4533 17.1 6.3 104204
9638.8 L5 3402 22
6280.4 41459 42 23




1 branching

Table 8: Average investment proportions

cash stock bond CB
0 | 1 2 0 T ) o | 1 T 2 o [ 1 T 2
000%]  085%|  123%| 1865%| 2276%| 1548%| 29.09%| 3756%| 37.64%| 5226%| 3883%| 45.65%)
2 branching
cash stock bond CB
0 | 1 2 0 [ 1 2 0 [ 1 2 0 | 1 2
0.00%| _56.99% 5.34% 354%|  0.00% 807%| 7502%]  0.00%| 86.59%| 21.44%| 43.01% 0.00%|
54.66%) 0.00% 0.00% 45.33%|
| 1.97% 1.83% L 0.03% 0.00% |_9800%| 98.17% [ 000% 0.00%|
7.43%) 0.01% 14.05% 78.50%)
3 branching
cash stock bond | CB I
0 1 2 0 1 2 0 1 2 0 1 2
22.61%]  85.22% 3.00% 3.12%] 0.00%) 0.00% 54.64% | 0.15%]  91.28% 19.63%|  14.63% 5.71%
36.53%) 3.55% 59.90% 0.01%|
64.03% 0.00% 0.00% 35.97%)
| 18.79% 38.23%' L__001% 001% L__0.00% 000% _8120%] 61.76%
77.20%) 22.79%% 0.01% 0.01%)|
86.88%) 13.11% 0.00% 0.00%)
| 1.75% 2.05%)| [ 3.20%] 0.00% L 95.05%| 97.94% | 0.00% 0.00%|
7.49% 28.81% 000% 63.70%|
78.00% QI 0.00% 22.00% 0.0l%l
4 branching
cash stock bond CB
0 | 1 2 0 T | 2 0 [ 1 2 0 | 1 2
34.69%|  74.55% 4.01%) 004%|  0.05%| 4497%[ 4730%] 020%| 5101%[ 17.97%| 2520% 0.01%)
1.91% 0.00% 83.79% 14.30%)
27.23% 0.00% 72.76% 0.01%)
4.21%) 0.01% 001% 95.77%)
[_9087%] 35886%| [_000%] 001% [_106%[ 3538% | 807% 5.75%
72.27%) 0.00% 001% 27.72%|
2.38% 5.55% 92.06% 0.01%)
3.44% 0.00% 96.53% 0.02%|
| 39.79% 50.54% | 0.01%) 0.13% | 0.00% 0.01% [ 60.20% 49.32%|
80.11% 19.82% 003% 0.03%
25.38% 23.13% 51.48% 0.0l%l
99.99% 0.01% 0.01% 0.00%)
L 255% 1.59% L 3.07% 0.00% | 94.38%| 9841% [ 000% 0.00%|
1.88% 5.12% 93.00% 0.01%)
7.67% 32.07% 0.00% 60.25%
92.90%' 0.00% 7.09% 0.01%]
5 branching
cash stock bond CB
[ 1 2 0 1] 2 0 ] 1 2 0 1 2
41.49%|  7733% 2.33% 0.01%] 424%|  17.05%|  44.65%] 0.12%| 80.61% 13.85%|  1831% 0.01%)
3.89%| 81.41% 001% 14.70%|
2.06% 0.01% 88.54% 9.39%
34.59% 0.00% 65.39% 0.02%)
4.61% 0.02% 0.02% 95.36%]|
| 9531% 99.92°Zo| L_000%] 001% L__045% 004% | 424% 0.03%
30.65% 0.06% 62.44% 6.86%
76.00%) 0.01% 0.01% 23.98%)
2.48% 3.50% 94.01% 0.01%
3.46% 0.01% 96.51% 0.03%)
| 5428% 99.93%| L 002%] 002% L__000% 002% [ 4570% 0.03%
11.65%| 59.31% 0.02% 29.02%)|
82.57%) 17.34% 0.05% 0.04%)
17.58%) 21.76% 60.65% 0.01%
99.96% 0.02% 001% 0.01%)
699% 20.91%' | 2.60%]  000% L_9041%| 79.09% | 0.00% 0.00%
1.66% 9.08% 89.25% 0.01%
4.99% 22.49% 0.00% 72.52%
69.04% 30.86% 0.08% 0.02%
60.84% 0.02% 39.13% 0.00%
I 30.78"2 99.96% | 0.01%]| 0.00% L_6921% 0.03% | 0.01% 0.01%)
2.18%) 0.04% 0.03% 97.75%
4.53% 0.14% 0.06% 95.26%)
96.55% 0.01% 342% 0.02%)
63.56%I 36.38% 0.04% 0.02%|




(2) Expected wealth and LPM; values
We show the expected wealth and LPM; values in Table 9, and the cumulative discrete
distribution of the terminal wealth in Figure 5.

Table 9: Expected wealth and LPM; values

branch | initial wealth | intermediate wealth | terminal wealth | LPM;
0 1 2 3
1 10000.0 10075.1 10150.1 10225.0 97.0
2 10000.0 10069.6 10141.5 10225.0 31.7
3 10000.0 10064.4 10139.4 10225.0 18.2
4 10000.0 10061.0 10132.0 10225.0 14.7
5 10000.0 10058.9 10125.6 10225.0 10.5
1 branching 2 branching 3branching
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Figure 5: Cumulative discrete distribution of the terminal wealth

As the number of branching increases, investors can have more cash and bond, which are less
risky than stock and CB at initial time. The reason is that investors can have more opportunities
of the conditional decisions, and therefore can select whether they invest more risky assets or
not, according to asset price changes and wealth level as working forward from initial time. As
the result, investors can have lower risk under the same expected wealth.

Efficient frontiers in Figure 6 show these results explicitly. As the number of branching
increases, we can have more opportunities of the conditional decisions, and we have lower risk
under the same expected wealth. If we does not increase the number of simulated paths , note
that we may have the low degree of uncertainties due to model description.
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5 Compact representation

We discuss the equivalent formulation to decrease the problem size and its computation time.
According to the modeling structure, the number of the decision variables of cash must depends
on the set of paths and periods, and then leads to large-scale problems. On the other hand, the
number of decision variables of any risky asset depends on only the number of decision nodes.
The original formulation is easy to understand the hybrid model, but it does not make the
effective use of the decision rule with fixed-unit strategy for risky assets at each nodes. Then
we propose an equivalent and a more compact formulation than the original formulation by
eliminating cash variables. This does not mean that cash is excluded from the asset allocation
decision. We call this formulation “compact representation”, and show two kinds of formulations;
primal compact representation and dual compact representation. We expect that computation
time decreases by reducing the problem size.

5.1 Primal compact representation

(1) Elimination of cash variable v at initial time

We solve Equation (11) for vg, and it is described by:

n
vo =Wo = pjozjo (21)
=

We can derive the following constraints by using the non-negative condition of vy (Equation

(19)).

n
> pjozio < Wo (22)
=

(

(2) Elimination of cash variables vti) for path i and time ¢
We substitute the right-hand side of Equation (21) for vy of Equation (12), and then the



following equation is obtained.
n .
A = Zpl)h@ o) Z{ L+ 10)pjo — P57 } 20+ (L+10)Wo,  (i=1,...,1) (23)
Jj=1 Jj=1

(@)

Likewise, we rewrite the equation for vy’ as follows:

0 = 3O 3 {188 -}

Jj=1 j=1
-> (1 + ry)) {(1 +10)pj0 — pyl)} zjo + (1 —I—rgi)) (1 4+179)Wp,
j=1
(s2 € S2; 1 € stz) (24)
(4)

In general, vy’ can be described by:

Zp”h@ ) +ZZ M @) +FY, (t=1,...,T—1; s, €S i € V)

7j=1k=0
(25)
where
s = 00— (1) 08, (k=0,..., T D)
nj(;c)t = (1+T§Z)1)T]§]){;t 10 (t:k+2,...,T)
F{ = (1+710) Wo
FY = (1+r) Y, (t=2,...,1).
Therefore, we rewrite Equation (20) as follows:
n
ijt Z) Zznjz)hl) <F(Z) (t:L”‘,T_l; StESt;iEVft) (26)

7=1k=0
We explain the meanings of 773(111 k1> ng-ik)t, and E(i)
Wrer = (L+ i) A0 — (L+r) A% = (n$hsa —11) 0 27)

Equation (27) shows that 775,)c k11 18 the excess rate of return when asset j is invested at time &

. 77](11,)c k1 is rearranged as follows;

in one period, where u( LH is the rate of return of risky asset j in period k + 1(from time £ to

k+1). n](,gt is the cumulative rate of return when this excess return nj(f,)c,k 1 1s invested by cash

(@)

from time k£ + 1 to t. For example, 161750 is the excess refurn when z;q is invested in period 1,
and after this is invested from time 1 to t by cash, we can obtain the cumulative return 77%)1523'0
at time t.

F}(Z) is wealth at time ¢t when the initial wealth W} is invested by cash for ¢ periods.

(3) Wealth VVt(i) for path ¢ and time ¢

Both sides of Equation (13) show the wealth Wt(i) for path 7 and time ¢. We calculate
n t—1

VV(Z Zznjz)h +Ft(1)’ ( =1,...,T—1; s; € Sy ie‘/tst) (28)
J=1k=0

by using the right-hand side of Equation (13). Especially, we write



n .
W(z =2 Z nngh Oz F’J("Z)a (sp € Sy i€ Vp")
7=1 k=0

for t = T. We find that wealth at time ¢ is divided into two parts; the first part shows the
summation of one period excess returns which are invested by cash until time ¢, and the second

part shows the cumulative return in period t in cash investment.

(4) Formulation

We write the formulation by primal compact representation as follows:
L5~ 0
Minimi 1 i
inimize 7 Z: q
subject to

n
Z pjozio < Wo

7j=1

n n t—1

Zpgff ZZUJ%}L(Z) SF( ), (t=1,...,T—1; st €Sy it € V)
j=1 J=1k=0

n T-1

> (zk)h(z)( £) + gt > Wg F(ZT Y, (sp_1 € Spy; ir- L€ VRt

Z Z Z njlk)h(uc )> Wg—

~l =
M:

7=1k=0 SkGSkaevk
ZjOZO, (J - 17' 7”)
2;220, G=1...,nyt=1,....,T —1;8.€5)

¢% >0, (i=1 )

where Fp = = ZFT . it denotes the path through the decision node S; at time t.
z 1

Table 10: Primal form for A()(z z3) =z} and T'=4

Equation | zjo 2 253 234 ¢ sign RHS dual No. of Const.
(30)[Min] | 0 0 0 0 :

(31) b0 O 0 0o 0 > W, | A 1
(32t=1 |y - o o o > —FP [\ I
B2=2 |y Wi Y o o > K | N I
(32),t =3 7750)3 7751113) 77?223) —Pg?) o =2 —F3) A 1
e i B s A
(34) Tor  Tir  Tor Ty 0 > WE —Fr| w 1

1 E : unit matrix, Njor = ZU;Z)T



5.2 Dual compact representation

For simple description, we denote investment units by h(z)( ]t) = zjt, and we write the dual
form by using the primal form as in Table 10.

The dual compact formulation of the hybrid model is decribed as follows:

Maximize — Wolo — Z Z FOND Z (Wo = F)AR + (W - Pr)w (35)
=1 t=1
subject to

I .
—pjoAo + ZZUE&A(Z) +Tjorw <0, (1 =1,...,n) (36)
i=1t=1
T . .
= 2 AN XX AN e <0,
ZkEV k Z'kev;:k t=k+1
GG=1,...,n; k=1,...., T —1; s, € Sy) (37)
1
M) <5, i=1,...,1) (38)
M >0
M) >o0, (t=1,....T;i=1,...,])
w>0

1 .
where 731 = 7 Z 77](2’“72, (k=1,...,T —1). Dual variables are:
z’keV,:’“
1,...,n)
Equation (37) : 2% , (j=1,...,n; k=1,...,T —1; s € Sk)
1,.

j
Equation (38) : ¢ |, (i = I)

Equation (36) : zjo , (j =

In the dual compact representation, we have T+ 2 decision variables, and nT'+ I constraints.
Because the piecewise linear risk measure, such as the first-order lower partial moment, is used,
the number of boundary constraints is the number of sample paths, and the number of the
general constraints depends on only the number of decision nodes and risky assets. Therefore,
we have only nT general constraints. The problem size associated with the computation time is
drastically shrunk 0 . We expect that computation time decreases by this structure.

5.3 Comparison of computation time

We examine several numerical examples in order to compare the computation time of the dual
compact formulation with that of original formulation. Three periods and four assets problems
are solved using NUOPT Ver.4 for four kinds of branching number and six kinds of sample
path number. We use Windows 98 personal computer which has 1500 MHz CPU and 512MB
memory.

O general, linear programming problem is formulated as follows;

Minimize ¢ z (39)
subject to b< Ax <b (40)
I<z<u (41)

We have two kinds of constraints in this problem; general constraints (40) and boundary constraints (41). The
bounded variables are specially treated in the algorithm and the mathematical programming software, and there-
fore the boundary constraints are treated differently from the general constraints.



We show computation time for two kinds of formulations in Figure 7 and in Table 11. The left
side figures show the computation time by the interior point method, and the right side figures

show the computation time by the simplex method.

2 branching: interior point method 2 branching: simplex method
50 500
45 —e—original ——original formulation
g 35
2 30 / 300
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22 4 200
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Figure 7: Comparison of the computation time




Table 11: Computation time

Interior point method (unit: seconds)
path 500 1,000 2,000 3,000 4,000 5,000
2 branching original 1.43 3.40 7.96 16.86 20.27 48.88
dual 0.55 1.43 2.30 5.22 6.42 13.56
3 branching  original 1.31 3.24 7.69 14.50 24.49 38.61
dual 0.44 1.21 2.31 4.94 6.59 10.99
4 branching original 1.32 2.80 7.25 14.01 25.49 28.78
dual 0.49 1.10 2.36 4.67 8.02 11.21
5 branching original 1.15 2.58 6.26 11.42 20.27 29.17
dual 0.33 1.05 2.58 4.07 6.81 9.45
Simplex method (unit: seconds)
path 500 1,000 2,000 3,000 4,000 5,000
2 branching original 5.00 18.89 93.81 336.20 885.34 869.36
dual 0.22 0.60 2.26 5.11 8.73 17.74
3 branching original 5.99 21.14 131.11 292.48 738.20 1,623.48
dual 0.33 0.94 1.92 5.33 9.34 15.87
4 branching original 6.92 22.74 105.95 380.69 891.77 1,360.12
dual 0.55 1.09 2.52 7.58 12.09 12.74
5 branching original 5.99 22.35 113.92 403.37 846.85 1,487.93
dual 0.39 0.88 3.95 7.47 12.42 20.65

Figure 8 shows original/dual ratios; computation time of the original formulation to com-
putation time of the dual compact formulation. When the interior point method is used, the
dual compact formulation can be solved about three times as fast as the original formulation
as in the left side of Figure 8. When the dual form is solved by using the simplex method, the
computation time can be improved drastically as in the right side of Figure 8.
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Figure 8: Original/dual ratio

6 Conclusion

We show the hybrid optimization model by using simulated paths and the decision tree in order
to do both describing the accuracy of uncertainties and making the conditional decisions. We
have sample paths associated with asset returns using Monte Carlo simulation, while we allow the
model to expand the decision space and to make the conditional decisions as in the scenario tree
model. We show the technique of generating the extended decision tree to make the conditional
decisions in the simulated path framework, which is called the sequential clustering method.



We test some cases using numerical examples. Because the hybrid model can be formulated
as the linear programming problem, it can be solved very fast for the large scale problem in
practice. According to some numerical tests, we find that we can control the risk and return of
the terminal wealth in some degree directly.

The hybrid model can be formulated as its compact representation form to reduce the program
size. We show the computation time for two kinds of formulations; the original formulation and
the dual compact formulation. We find that we can decrease its computation time, according to
some numerical tests.

This model is developed for asset allocation, but the idea of this modeling can be widely applied
to the financial problem, such as optimal ALM problem, optimal bond portfolio selection, and
so on. In our future research, we will model the pension fund ALM, banking ALM in the hybrid
modeling framework. Furthermore, we must also investigate the characteristics of this model
using additional numerical tests.
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